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Joa˜o Pessoa, PB, Brazil
Multiple scattering is a process in which a particle is repeatedly deflected by other particles. In
an overwhelming majority of cases, the ensuing random walk can successfully be described through
Gaussian, or normal, statistics. However, like a (growing) number of other apparently inofensive
systems, diffusion of light in dilute atomic vapours eludes this familiar interpretation, exhibiting
a superdiffusive behavior. As opposed to normal diffusion, whereby the particle executes steps in
random directions but with lengths slightly varying around an average value (like a drunkard whose
next move is unpredictable but certain to within a few tens of centimeters), superdiffusion is charac-
terized by sudden abnormally long steps (Le´vy flights) interrupting sequences of apparently regular
jumps which, although very rare, determine the whole dynamics of the system. The formal statistics
tools to describe superdiffusion already exist and rely on stable, well understood distributions. As
scientists become aware of, and more familiar with, this non-orthodox possibility of interpretation
of random phenomena, new systems are discovered or re-interpreted as following Le´vy statistics.
Propagation of light in resonant atomic vapours is one of these systems that have been studied for
decades and have only recently been shown to be the scene of Le´vy flights.
I. INTRODUCTION
As a branch of non-equilibrium statistical physics, the
study of transport phenomena seeks information on mi-
croscopic processes through measurement of macroscopic
physical quantities associated with transport, such as a
diffusion coefficient, generally through mean square dis-
placements. An emblematic diffusion example is still the
case of particles motion in a “granular” medium. This
problem of so-called Brownian motion was explained by
Einstein [1]. This is a typical case of normal statistics
system and seems to be obeyed by an enormous num-
ber of examples, where displacements have arbitrary val-
ues but where very precise average values characterize
the system. Examples can be found in all kinds of sci-
entific fields, from economics and finances, biology and
chemistry to astronomy and physics. The interpretation
of these stochastic processes is done using well known
tools from Statistics. These are basically grounded in
two main laws: i) the law of large numbers, stating that
as you increase the number of trials the resulting av-
erages and moments tend to the theoretical ones and
ii) the Central Limit Theorem (CLT), which states that
the accumulated action of a large number, n, of equiva-
lent (same probability distribution, with expected value
µ and variance σ2), independent individual random pro-
cesses results in a Gaussian distribution with expected
value and variance fully determined by those (µ and σ2)
of the generating distribution, no matter the shape of
this generating distribution. This insensitivity to the de-
tails of the microscopic process explains why many phys-
ical, chemical, social, financial and so on phenomena lend
themselves to this interpretation, so that it is commonly
called “normal”. These normal laws applied to diffusion
phenomena lead to a mean square displacement varying
linearly with time, i.e. after a large number of random
kicks in all directions, a particle of coffee in a cup of milk
(or molecules of oxygen in the air, or a drunkard with no
purpose) will have covered a distance proportional to the
square root of the time spent:
〈
r2
〉 ∝ t. (1)
The first transport phenomenon breaking this law that
comes to mind is the ballistic movement where a particle,
not suffering any collision (and thus actually non diffu-
sive), travels in a straight line with a speed v, covering
during a time t the distance
r = vt, (2)
i.e.
r2 ∝ t2. (3)
Diffusion is actually ballistic as long as the observation
time is shorter than the mean time between collisions.
Other transport phenomena break the normal laws more
radically and one of the most recently observed is the ob-
ject of this paper: the superdiffusion of light in resonant
atomic vapours. The diffusion problem we are discussing
here is related to the dynamical behavior of the system.
This dynamical problem has a “long tail” signature, a
characteristic it shares with another class of scale-free
systems, the web and equivalent systems based on con-
nectivity. The peculiar structure or topology of those
systems leads to statistical distributions following power
laws, resulting in unexpected behaviors such as the dom-
inant role of a very few elements of the system [2]. Let us
therefore distinguish these categories from the dynamical
behavior of systems being discussed here: a dynamical
system may, for example, evolve from normal to sub- or
super-diffusive. Focussing on the particular case of light
diffusion, we will introduce here the fascinating concept
2of Le´vy Flights, where the ’average’ response may be-
come meaningless, because the concepts of mean value
or variance are no longer well-defined.
II. NORMAL STATISTICS
In order to better appreciate how abnormal superdif-
fusion is, let us here summarize the main results of
Normal (Gaussian) Statistics: Let x be a set of iden-
tically distributed, independent variables xi, with proba-
bility density p(x), expected value 〈x〉 = µ and variance
σ2 =
〈
x2
〉−〈x〉2. According to the law of large numbers,
a random sampling of the distribution p(x) will yield a
sample sum
Xn =
n∑
i=1
xi, (4)
a mean value
µn =
1
n
Xn, (5)
with lim
n→+∞
µn = µ,
and a variance
σ2n =
1
n
n∑
i=1
(xi − µ)2, (6)
with lim
n→+∞
σ2n = σ
2.
A very interesting result of this statistical treatment of
random events is that, regardless of the shape of most
distributions p(x), the distribution of sums, p(Xn) or
of mean values, p(µn), of random samples, tend to be
normal, with limiting Gaussian distributions fully deter-
mined by the single event mean µ = 〈x〉 and the second
moment
〈
x2
〉
, assuming they are finite. This is the deep,
powerful statement of the CLT.
In Figs. 1 and 2 are shown two examples of non-
Gaussian distributions of variables whose sums and av-
erages tend to be normally distributed. The first one
(figure 1), an example of a discrete uniform distribution,
is the distribution of probability of rolling any value of
a fair 6-sided die in a single roll. The second one (figure
2) is an example of an asymmetric continuous distribu-
tion. In both examples, the sum and the mean value of
n draws are given by equations (4) and (5), respectively.
pm(Xn) and pm(µn) are the observed distributions of m
samples of Xn and µn, respectively. In figure (1) and (2)
we can therefore see the CLT at work: the means of the
sample sum Xn and sample mean µn tend to approach
the expected values 〈Xn〉 = nµ and 〈µn〉 = µ, while their
variance tend to the theoretical variances Var(Xn) = nσ
2
and Var(µn) = σ
2/n, as the number m of samples grows.
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FIG. 1. (a) Distribution pnm(x) of m × n single events x
drawn from the distribution p(x) = 1/6, 1≤ X ≤6 (dice rolls).
The distributions (b) pm(Xn) of m samples of sums Xn and
(c) pm(µn) of m samples of mean values µn tend to Gaus-
sian distributions as m is increased, with mean and variance
determined by expected value and variance of the parent dis-
tribution p(x) (see text). For n = 3 and: top, m = 10; middle
m = 103; bottom m = 105.
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FIG. 2. Same as figure 1, with p(x) = x, 0≤ X ≤1.
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FIG. 3. Characterizing normal random walk in two dimen-
sions (2D): A particle executes random walks of n = 104
steps of length x drawn from the probability distribution
p(x) = 1/x5. (a) Distribution pm(Xn) of m samples of sums
Xn (equation (4)) for m = 10
5. (b) 2D representation of one
of these random walks. Each of the n steps of length x occurs
in a random direction to a new position (h, v). The initial
position is (0,0). In this specific plot, the sum of step lengths
is Xn = 0.013342 and the maximum step length is about 10
times larger than the mean one.
This seemingly systematic convergence explains why so
many real phenomena resulting from the action of many
tiny random events with very diverse distributions can
eventually be fitted by a Gaussian distribution.
An additional example of non-normal distribution p(x)
leading to normally distributed sums Xn and mean-
values µn is shown in figure 3 for p(x) = 1/x
5. The
2-dimensional (2D) isotropic random walk resulting from
step lengths drawn from p(x) = 1/x5 is shown in figure
3(b) as a visual confirmation of a diffusive, Brownian-like
behavior. Assuming constant velocity, the mean-square
displacement
〈
X2
〉
= Dtγ ∝ tγ , with γ = 1. Let us now
generalize these findings by focussing on probability dis-
tributions whose asymptotic decay can be approximated
by a power-law:
p(x) −→ 1
xα
(7)
x −→∞,
with α > 1.
If α > 3, the first and second moments of the distribu-
tion, 〈x〉 and 〈x2〉, are finite and the distribution obeys
the CLT. This is what we observed for α = 5 in the ex-
ample given in figure 3. However, if the distribution’s
asymptotic decay is slower than 1/x3, i.e. if 1 < α ≤ 3,
then
〈
x2
〉
is no longer finite and the CLT does not apply
anymore. In the case 1 < α ≤ 2, even the first mo-
ment 〈x〉 diverges, meaning that these distributions do
not exhibit a typical behavior, because the probability of
very large values of x (far wings of the probability dis-
tribution) is much-larger-than-normal. Their repeated
application (large number n of events xi), characterized
by Xn defined in equation (4), does not follow a Gaus-
sian distribution. These distributions obey, however, a
Generalised Central Limit Theorem, according to which,
if the distribution’s asymptotic behavior follows equation
(7) with 0 < α ≤ 3, then the normalized probability den-
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FIG. 4. Same as figure 3, for p(x) = 1/x2. Notice the log-
log scales in (a). In the specific plot in (b), the sum of the
n = 104 step lengths is Xn = 0.0986, only approximately
7 times larger than the maximum step length, which is itself
about 1500 times larger than the mean one: a few particularly
long steps dominate this superdiffusive random walk.
sities of its sum Xn and, consequently, of its mean value
µn, follow a stable Le´vy law.
In figure 4 are shown the same features as in fig-
ure 3, this time for a superdiffusive process, namely for
the probability distribution of single steps f(x) = 1/x2
(α = 2). The distributions p(Xn) and p(µn) (not shown)
do not converge to a Gaussian shape and the 2D isotropic
random walk resulting from drawing the step lengths
from p(x) = 1/x2 does not look diffusive. Instead, we
can observe in figure 4(b) long jumps characteristic of
a Le´vy flight behavior. In this case, the mean-square
displacement
〈
x2
〉
= Dtγ ∝ tγ , with γ > 1.
Systems expanding as
〈
x2
〉 ∝ tγ under the action of
stochastic processes are said to exhibit normal diffusion if
γ = 1 and superdiffusion (subdiffusion) if γ > 1 (γ < 1).
Brownian motion is a paradigm of normal diffusion and
an overwhelming majority of stochastic phenomena in all
fields exhibits this behavior. Much less numerous but be-
ing gradually uncovered are examples of systems showing
abnormal diffusion. They are found in very diverse sys-
tems [4] such as physiology [5, 6], ecology [7–14], human
mobility and virus propagation [15–17], finance and econ-
omy [18], physics [19–26], astrophysics [27], etc. While
dynamical effects of superdiffusion can be observed and
characterized in those systems, the fundamental mech-
anisms leading to Le´vy flights are in general not eluci-
dated and remain the subject of intense study. For in-
stance, broad distributions may appear as a consequence
of the fundamental non linear dynamics of the system
[28]. In ecology, Le´vy flights seem to be associated to
(evolutionary) optimization of search patterns in situa-
tions of scarcity (food, mates), while Brownian move-
ments dominate in abundance contexts [13]. As we will
see later on, the physical origin of Le´vy flights of pho-
tons in resonant atomic vapours lies in the specific shapes
of absorption and emission spectral distributions, which
themselves arise from fundamental and kinetic properties
of atoms.
4III. PHOTONS, PARTICLES OF LIGHT
From now on, we will restrict ourselves to the descrip-
tion of the propagation of photons in material media, i.e.
we restrict the discussion to particles of light. Propaga-
tion of light in scattering media represents per se a unique
and interesting system, because it is a very familiar and
ubiquitous phenomenon, yet with huge practical interest,
for example as our main source of knowledge about in-
terstellar medium or in modern photonics applications.
It has now gained an extra charm as a system likely to
exhibit abnormal diffusion properties and, probably, the
earliest recognized as such [29].
Light represents a versatile tool for studying transport
phenomena and can be analysed in a variety of mate-
rials. In free space, a photon travels in a straight line
with speed c and thus covers a distance ρ = ct during a
time interval t, which is a ballistic movement according
to equation (3). In a (dilute) material medium, the pho-
tons are scattered by material constituents and a tran-
sition occurs from ballistic to diffusive behavior as the
constituents’ density increases. The mean free path is
the mean distance traveled by the photons between two
scattering events, ℓ¯ = 〈ρ〉 = 1/n
n∑
i=0
ρi (in photon scat-
tering, dominant delays are usually the collisions times,
much larger than the propagation time between two scat-
tering events, as opposed to scattering of material par-
ticles, where the dominant time is the propagation one).
If the typical dimensions of the medium are smaller than
ℓ¯, the transport is still essentially ballistic, otherwise it is
diffusive. In a normal diffusive medium, the propagation
of photons can be described as a random walk with a
Gaussian distribution p(ρ) of the step length ρ between
two scatterers. This distribution is characterized by its
mean value 〈ρ〉 and its second moment 〈ρ2〉. The mean
free path ℓ¯ = 〈ρ〉 is inversely proportional to the density
of scatterers, N , and to the scattering cross section ξ,
ℓ¯ = 1/(Nξ) [30].
So far very few systems involving light propagation
have been reported to exhibit non-normal behavior. One
of them is a random amplifying medium (RAM), consti-
tuted of amplifying fiber segments embedded in a pas-
sive scattering bulk [25]. The intensity distribution at
the sample exit results from multiple scattering of the
photons by the passive bulk as well as from successive
passages through fiber segments, in which the photons
are amplified. Therefore, the longer the segment, the
stronger the amplification. The distribution of lengths of
the fiber-segments is intentionally tailored so as to yield a
Le´vy-like intensity distribution of the RAM emission. A
second system, called “Le´vy glass” by its designers [26],
is an engineered solid material where the density of scat-
tering medium (titanium dioxide nanoparticles) is modu-
lated by non-scattering spheres of diameter-distribution
tailored to yield a Le´vy-like transmission spatial distri-
bution. Both of these experimental observations of Le´vy
flights of photons [25, 26] are based on synthetic, en-
gineered, spatial inhomegeneities. As we shall see in
the following sections, in spatially homogeneous resonant
atomic vapours, the distance a photon will travel between
two scattering events depends not only on the scatterers
density (constant) but also on the photon’s frequency, so
that the superdiffusive transport in these natural media
originates in a spectral inhomogeneity instead of a spatial
one.
A. Radiation trapping
Radiation trapping is the name given to the phe-
nomenon of resonant multi-scattering of light in atomic
vapours. In such a process, incident photons are first
absorbed by atoms in the gas medium because their fre-
quency ν is close to that of an atomic transition, ν0. The
absorption of the photons is stronger at the center of the
resonance, i.e. at ν = ν0, and, depending on the ab-
sorption spectral shape, decays more or less sharply on
either side of the resonance (|ν − ν0| > 0). The excited
atoms eventually decay radiatively to the ground state
and the emitted photon can be absorbed by another atom
and so on. The absorption-emission process can occur at
very high rates (typically a few 100 MHz at room tem-
perature) in resonant atomic vapours, so that many of
these processes may take place before the photons leave
the cell, resulting in a time much longer than the mean
atomic lifetime for the radiation to leave the vapour vol-
ume. Radiation trapping is thus a mechanism that needs
to be accounted for in the understanding of light propa-
gation in stellar media [27], discharge lamps [31, 32], gas-
[33],liquid- [34] as well as solid-state [35–37] laser media,
atomic line filters [38], trapped cold atoms [39, 40], col-
lision [41, 42] and coherent [43, 44] processes in atomic
vapours, optical pumping of alkali-metal vapours [45].
The concern with radiation imprisonment goes back at
least as far as the 1920s, when Compton [46] and Milne
[47] described theoretically the diffusion of resonant light
in absorbing media. Kenty [29] interpreted experimen-
tal measurements by Zemansky [48, 49] by taking into
account the redistribution of frequency that takes place
between absorption and reemission of light and ascer-
tained that “Abnormally long free paths are found to be
of such importance as to enable resonance radiation to
escape from a body of gas faster than has usually been
supposed... It is found that, for a gas container of infi-
nite size, [the diffusion coefficient, the average square free
path, and the average free path] are all infinite”. In other
words, the diffusion model, based on the finiteness of the
mean free path and second moment, does not rigorously
apply to the problem of radiation trapping in resonant
media. A few years later, Holstein proposed a description
through an integro-differential equation [50], which still
constitutes the starting point of most formal descriptions
of radiation trapping.
51. Photons absorption and transmission probabilities
Let us introduce a number of physical parameters use-
ful to describe a single emission-absorption process in an
isotropic medium. Let Tν(ρ) be the probability that a
photon of frequency ν travel a distance ρ without being
absorbed (transmission through ρ). Tν(ρ) should have
the limit values i) Tν(0)=1 and ii) Tν(∞)=0. Let now
k(ν) be the probability, per unit length, that the photon
be absorbed. To determine the relationship between k(ν)
and Tν , we write the transmission of the photon through
a depth ρ plus a thin slice of width dρ from (ρ) (see figure
5) as the probability it arrives at ρ times the probability
it survives an additional distance dρ:
Tν(ρ+ dρ) = Tν(ρ) [1− k(ν)dρ] . (8)
As, by definition,
Tν(ρ+ dρ)− Tν(ρ) = ∂Tν
∂ρ
dρ, (9)
then
Tν(ρ) = e
−k(ν)ρ. (10)
This is the Beer-Lambert law [51], verifying assumptions
i) and ii) above.
FIG. 5. Sketch of half space (ρ > 0) filled with scattering
medium, to determine fraction of particles incident at ρ and
transmitted through a thin slice of thickness dρ.
The step-size distribution for a given frequency ν is
pν(ρ). It means that of all the Tν(ρ) photons of frequency
ν created at position ρ = 0 that have arrived at position
ρ, pν(ρ)dρ will not survive an additional slice of depth
dρ, so that pν(ρ)dρ is the probability that these photons
be absorbed between ρ and ρ+ dρ. Again, we write the
transmission of the photons through a depth ρ plus a thin
slice of width dρ from ρ (see figure 5):
Tν(ρ+ dρ) = Tν(ρ)− pν(ρ)dρ. (11)
From Eqs. 9, 10 and 11, it follows that
pν(ρ) = −∂Tν(ρ)
∂ρ
= k(ν)e−k(ν)ρ. (12)
This expression describes the single-path length distri-
bution for photons of frequency ν propagating in a scat-
tering medium characterized by the absorption spectrum
k(ν). We can determine the frequency-dependent mean
free path ℓ¯ν for the photons in the scattering medium as
being the mean value of the step-length distribution:
ℓ¯ν =
∫ +∞
0
ρ pν(ρ)dρ =
∫ +∞
0
ρ k(ν)e−k(ν)ρ =
1
k(ν)
.
(13)
Equation (13) tells us that we can tune the mean free
path of a monochromatic beam of photons at frequency
ν simply by varying the absorption coefficient k(ν) at
this frequency. It is intuitively reasonable, as we may see
in section IVA, that k(ν) is proportional to the atomic
density, so that tuning of ℓ¯ν can be achieved through
control of the atomic density. If the light incident on the
scattering medium is not monochromatic but has instead
a spectral distribution Θ(ν), the resulting path-length
distribution corresponds to an averaging of pν(ρ) over
the (emission) spectrum Θ(ν):
p(ρ) =
∫ +∞
−∞
Θ(ν) pν(ρ) dν =
∫ +∞
−∞
Θ(ν) k(ν) e−k(ν)ρ dν.
(14)
The moments of this distribution are given by:
〈ρq〉 =
∫ +∞
0
ρq p(ρ) dρ
=
∫ +∞
−∞
dν Θ(ν) k(ν)
∫ +∞
0
ρqe−k(ν)ρdρ
=
∫ +∞
−∞
dν Θ(ν) k(ν)
Γ(q + 1)
kq+1(ν)
= q!
∫ +∞
−∞
dν
Θ(ν)
kq(ν)
, (15)
with Γ the gamma function. In the special case of
an incident laser beam, considered as monochromatic
with frequency νL, the photons’ spectral distribution is
Θ(ν) = δ(ν− νL) and the moments of the photons’ steps
distribution, given by
6〈ρq〉 = q!
kq(νL)
, (16)
are finite, as long as k(νL) 6= 0. Particularly, for q = 1, we
again find the mean free path of equation (13). Similarly,
in a vapour illuminated by any far-from-resonance spec-
tral distribution (Θ(ν) = W∞(ν)), the absorption spec-
tral distribution can be considered constant (k(ν) ≈ k∞)
so that, once again, the moments are finite and the dif-
fusion of light is normal, as it is in any non-resonant,
homogeneous scattering medium such as fog or diluted
milk:
〈ρq〉 = q!
kq∞
∫ +∞
−∞
dν W∞(ν). (17)
On the other hand, the moments given by equation (15)
can be shown to diverge for all the spectral lineshapes
Θ(ν) and k(ν) usually associated with atomic transitions,
specifically the Doppler, Lorentzian and Voigt lineshapes.
It means that the random walk in an atomic vapour for
photons with any of these spectral distributions cannot
be characterized by a diffusion coefficient (∝ 〈ρ2〉) and,
in some cases, not even by a mean free path 〈ρ〉, thus
qualifying propagation of photons in a resonant vapour
as anomalous diffusion.
2. Frequency redistribution
Clearly therefore, the relationship between the emis-
sion and the absorption spectra is a key element of the
diffusion regime of photons in the vapour. This relation
may evolve in the medium, due to multi-scattering, and
is regulated by processes of frequency redistribution. In
optically thin samples of cold atoms, neither atomic col-
lisions nor residual atomic motion (Doppler broadening
smaller than the natural line width) are sufficient to sig-
nificantly change the frequency of scattered photons be-
fore these escape the sample, so that no frequency redis-
tribution takes place and the emission spectrum remains
unchanged (monochromatic laser beam for example), dis-
tinct from the atomic absorption spectrum. Partial fre-
quency redistribution (PFR) can be observed in stellar
atmospheres and plasmas [52, 53] and in optically thick
cold atomic samples, where the accumulation of tiny fre-
quency redistribution due to residual motion of the atoms
can become significant due either to a small mean free
path (resonant light) or to large sample dimensions [54].
In the complete frequency redistribution (CFR) case, the
frequencies of the scattered photons are fully decorrelated
from the frequencies of the incident ones, for instance in
situations where a high collision rate γcol in the vapour
destroys correlations between photon absorption and ree-
mission events, i.e. where γcol×τ ≫ 1, with τ the lifetime
of the excited state (CFR in the atoms frame). In near-
resonant thermal vapours, the frequency of the emitted
photon is statistically independent of the frequency of
the absorbed one through averaging over the Maxwellian
velocity distribution (due to the Doppler effect). This
(multiple) resonant scattering process very efficiently re-
distributes the photons’ frequencies, leading to CFR in
the laboratory frame and to coincidence of the emission
and absorption spectra (Φ(ν) = k(ν)). The single-step
length distribution (equation (14)) is thus:
p(ρ) =
∫ +∞
−∞
k2(ν)e−k(ν)ρdν (18)
and the mean free path of the photons in the vapour
becomes
ℓ¯ =
∫ +∞
0
ρ p(ρ) dρ. (19)
IV. LE´VY FLIGHTS IN RESONANT ATOMIC
VAPOURS
As said above, the propagation of light in a scattering
medium can be described as a random walk of photons
within the medium. When the medium is near-resonant,
the propagation of light is perturbed by the radiation
trapping process: a photon incident in the medium (a
laser photon for example) can be repeatedly absorbed
and re-emitted in the medium. The multiple scatter-
ing process is now equivalent to a random walk in real
space with frequency-dependent steps length, so that the
spectral distribution of the photons, aided by the fre-
quency redistribution process, is the key element deter-
mining their diffusion regime. In the case of Complete
Frequency Redistribution, the frequency of the emitted
photon is totally independent of the frequency of the ab-
sorbed one and is exclusively determined by the transi-
tion’s spectral shape, be it Gaussian, Lorentzian or Voigt.
As aforementioned in section IIIA 1 and as we will show
in the next section, the single-step length distribution
p(ρ) decays asymptotically as p(ρ) ∼ 1/ρ(α) (ρ −→ ∞)
more slowly than 1/ρ3. This slow decay characterizes
broad (long tail) steps distributions, for which all mo-
ments 〈ρq〉 with q ≥ (α − 1) diverge. Thus, as first sig-
nalised by Kenty [29] and Holstein [50], the assumption
of a mean free path for the photons is not fulfilled in reso-
nant vapours and a diffusion-like description of radiation
trapping is not adequate. The relation with long-tailed
distributions, studied in the 1930s by Le´vy [3], and the
theoretical labeling of incoherent radiation trapping as
more a system exhibiting superdiffusive behavior, were
made by Pereira et al. [55] and further studied [56] in
the early 2000’s. Experimental confirmation followed a
few years later [57].
7A. Spectral shapes of photons scattering
We may now focus on the spectral shapes more partic-
ularly associated with resonant light-atom interactions.
They are given by :
k(ν) = Nξ0f(ν), (20)
with N the atomic density, ξ0 the resonant cross-section
for atoms at rest and f(ν) the normalized spectral shape,
specific of the light-atom interaction regime. ξ0 =
λ2/2πg1/g2, where λ is the wavelength and g1/g2 the
ratio of degeneracy factors.
The homogeneous Lorentz line shape characterizes sys-
tems with homogeneous broadening, due, for example, to
spontaneous radiative decay or collisions, and is given by:
fL(ν) =
Γ2N/4
4π2δ2 + Γ2N/4
, (21)
with δ = ν − ν0, the photon’s detuning in relation to the
transition’s frequency ν0. fL(ν) has a full width at half
maximum (FWHM) ΓN/2π and an asymptotical decay
pL(ρ) ∼ 1
ρ3/2
, (22)
ρ −→ ∞
i.e. with α = 3/2. As mentioned in section III A 1, this
characterizes a broad distribution with all moments di-
verging, i.e. not even a mean free path can be determined
for the photon leaps.
The Doppler line shape, reflecting the velocity distri-
bution of Doppler shifts, is given by:
fD(ν) =
ΓNλ
4
√
πv0
ex
2
, (23)
with the reduced frequency x = δν0
c
v0
. v0 =
√
2kBT
m
is the most probable speed of the atoms of mass m at
temperature T and kB is Boltzmann’s constant. The
FWHM of fD(ν) is ΓD/2π = 2v0/λ
√
ln2.
It can be shown [55] that:
pD(ρ) ∼ 1
r2
√
lnρ
∼ 1
ρ2
, (24)
ρ −→∞
In figure 6(a) a Doppler (Gaussian) and a Lorentzian
lineshape are drawn with same amplitude and width Γ
in order to make easier the comparison between their
wings. The “Le´vy” behavior for the Lorentz spectral
shape (α = 1.5) is more dramatic than for the Doppler
one (α = 2) because the wings of the lorentzian distri-
bution decrease more slowly than the Doppler ones and
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FIG. 6. Amplitude-normalized spectral distributions for two-
level atoms. (a) Lorentzian (blue, equation (21)) and Gaus-
sian (black, equation (23)) shapes of same width (FWHM).
(b) Lorentzian (blue, width ΓN/2pi), Doppler (black, width
ΓD/2pi) and resulting Voigt (red, equation (25), parameter a)
lineshapes for natural linewidth ΓN and Doppler broadening
ΓD = 6ΓN , i.e. Voigt parameter a ≈ 0.14.
therefore go farther: the probability that a photon be re-
emitted with a very large detuning and therefore travel
a very long distance before being absorbed, is higher in
the Lorentzian than in the Doppler case.
The Voigt spectral distribution is a convolution of the
two former ones:
fV (ν) =
ΓNc
4
√
πv0ν0
a
π
∫
e−y
2
dy
a2 + (x − y)2 , (25)
a =
√
ln2 ΓN/ΓD. (26)
with a the Voigt parameter. It characterizes the inter-
action with light of atoms individually submitted to ho-
mogeneous, Lorentzian decaying processes (spontaneous
emission, collisions,..) and moving around according to
Gaussian Maxwell-Boltzmann velocity distribution. As
the wings of the Doppler lineshape tend very rapidly to
zero, the asymptotic decay of the overall Voigt lineshape
is the same as the Lorentzian one and the steps’ distribu-
tion for a Voigt profile is also a broad distribution with
α = 3/2.
In figure 6(b) are shown the Lorentzian, Doppler and
Voigt spectral distributions for a two-level atoms system
of natural width ΓN (excited state lifetime τ = (ΓN )
−1)
and Doppler width ΓD = 6ΓN . For example, this
Doppler broadening would be the amount suffered by a
vapour of rubidium atoms at a temperature of approx-
imately 1.5 K [58]. The resulting a parameter of the
Voigt distribution is thus of the order of 0.14. The a pa-
rameter basically compares the natural and the Doppler
line widths, ΓN and ΓD, respectively (equation (26)). In
what is called the Doppler regime, the Doppler broad-
ening of the lineshape is much larger than the homoge-
neous linewidth of the atomic transition and the line-
shape tends to the Doppler one (small a). As the a pa-
rameter increases, the Doppler broadening of the line-
shape decreases in relation to the natural linewidth and
the lineshape ultimately tends to the Lorentz one (cold
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atoms, for example). The configuration depicted in fig-
ure 6(b) corresponds to an intermediate case. As a in-
creases from a≪ 1 to a ≥ 1, the steps length distribution
evolves from Doppler- to Lorentz-like, as can be seen in
figure 7. The probability distributions in figure 7 are ac-
tually graphed as functions of a dimensionless jump size,
or opacity, r = Nξ0ρ.
V. EXPERIMENTAL CHARACTERIZATION OF
LE´VY FLIGHTS OF PHOTONS IN AN ATOMIC
VAPOUR
In cold atoms samples, the spectral lineshape is
Lorentzian with natural linewidth (Doppler broadening
ΓD ≪ ΓN ), but the scattering of photons is fundamen-
tally elastic and frequency redistribution is insignificant,
so that the hypothesis of Le´vy flights of photons in such a
medium does not apply to a first approximation [54]. Up
to now, the only atomic system in which photons Le´vy
flights have been directly measured (single-step length
Transmitted
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light beam
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with atomic vapor
Scattered photon
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CCD
FIG. 8. Scheme of the set-up for experimental observation of
distribution of step lengths for photons in a resonant atomic
vapour.
distribution with α ≤ 3) is a warm thermal vapour of
rubidium atoms illuminated with a resonant laser [57].
The experimental set-up is shown schematically in fig-
ure 8. Photons with a spectral distribution Φ(ν) are col-
limated and directed to a transparent cell containing an
homogeneous atomic vapour of atoms. Photons scattered
by the atoms and escaping the cell through a given solid
angle are detected by a CCD camera, which forms im-
ages of the spatial profile of the fluorescence in the cell.
Analysis of these images enables inference of the distri-
bution of distances travelled by the incident photons in
the scattering vapour.
One major difficulty in this system, as in any multiple-
scattering medium, is to infer the single-step distribution
from the observed result of multiple scattering, because
multiple scattering erases the information of the photon’s
initial position.
Let us detail a little the experimental aspects of this
achievement as an illustration of the challenges faced
when looking for signatures of microscopic processes in
multiple scattering phenomena. Obviously, the higher
the atomic density, the smaller the spatial scale allow-
ing observation of the asymptotic slope (-α) (see figure
7). It may then seem tempting to work with a very high
atomic density, but this would increase the mean num-
ber of scattering events for the photons before they leave
the cell and are detected, blurring the single-step con-
tribution. The adopted compromise consists in slightly
increasing the atomic density, so as to guarantee a rea-
sonable rate of scattering events on a reasonable scale
and to correct for the potentially perturbative multiple-
scattering effects [57]. The order of magnitude of the
resonant cross-section for alkali atoms is a few 10−14
m2 [58]. Their natural linewidth is ΓN/2π ≈ 6 × 106
s−1. In a warm vapour (T between 300 and 350 K),
the Doppler broadening of the atomic spectral response
is ΓD/2π ≈ 380 − 2300 × 106 s−1, i.e. the a parameter
9FIG. 9. Image of the fluorescence in the optical cell for inci-
dent photons having a Doppler-broadened spectral distribu-
tion. (Reproduced from [57].)
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FIG. 10. Dark gray line: Jump-length distribution on the cells
axis, as determined from the spatial profile of fluorescence.
Black line: fit by power law p(ρ) ∝ ρ−α, with α = 2.41± 0.12
(see [57])
(equation (26)) falls in the range of 10−3 to 10−2 . In this
case, the asymptotic regime would be reached for optical
densities above 104 (see figure 7), i.e. in the required con-
ditions of relatively low density (a few 1016 atoms m−3),
would require observation lengths larger than a few tens
or hundreds of centimeters. The spatial scale available
for experimental investigation is typically a few centime-
ters (let us say, up to 10 cm, the length of a quite long
optical cell), so what can actually be measured is the lo-
cal slope A (see figure 7, bottom), which tends to −α
with increasing optical density.
Figure 9 shows an image of the fluorescence in the 7cm-
long optical cell (see figure 8), as detected by the CCD
camera. A bright point in the image indicates the po-
sition where a photon has been scattered towards the
collection optics and the CCD camera. The brighter the
spot, the higher the fluorescence intensity at the corre-
sponding position. A thin slice of the image, a few tens
of pixels wide along the cell’s axis, is selected: it corre-
sponds to the volume directly illuminated by the incident
photons and where all the first-order scattering events
take place (first scattering of an incident photon by an
atom in the vapour). Above and below the central slice,
the photons have necessarily been scattered at least once
in the vapor and contribute to the multiply scattered sig-
nal. In figure 10 the intensity in the central slice is plot-
ted as a function of the position x along the cell’s axis,
after correction for the multiple scattering contribution
(see [57]). The profile is plotted in log-log scale, in which
a power law is displayed as a straight line. It is here well
fitted by a power law p(ρ) ∝ ρ−α, with α = 2.41 ± 0.12
[57]. In any case, the local slope |A| is always smaller
than 3, i.e. no normal diffusion model can describe the
propagation of light in such a medium. Another diffi-
culty arises if the CFR condition is to be fulfilled (if it
is not, complex frequency redistribution functions have
to be determined [59]). The frequency distribution of
the impinging photons should therefore be the same as
the absorption spectrum of the atoms in the target cell,
i.e. a Voigt one with same a parameter as the vapour.
While this condition is not completely fulfilled in [57],
an ingenious set of configurations (basically, the incident
photons are prepared so as to result from a growing num-
ber of frequency-redistributing scattering events) allows
the observation of the thermalisation of light, i.e. of the
evolution from partially to almost completely frequency-
redistributed incident photons, with a measured coeffi-
cient α always α ≤ 3, decreasing and tending to the
expected value of ≈ 2 [57, 60].
VI. CONCLUSION
We have shown how the propagation of light in reso-
nant atomic vapours can exhibit a superdiffusive behav-
ior, characterized by rare, long jumps between two scat-
tering events. When present, these “Le´vy flights” domi-
nate the dynamics of the system and may obliterate long
sequences of apparently normal, Gaussian-like behavior
(Gaussian distribution of jump lengths around a mean
value). The physical origin of these rare events is the
fact that, due to frequency redistribution, a photon have
a very small but finite probability of being scattered with
a frequency far from resonance, i.e. of flying a very long
distance in the medium, turned almost transparent for
this photon. The non-negligible probability of these long
jumps “lifts” the tail of the jump-size distribution: such
“long-tail” distributions decay asymptotically as power
laws, characteristic of scale-free phenomena. Le´vy flights
occur for distributions p(x) decaying slower than 1/x3,
for which the second moment 〈x2〉, key element of nor-
mal statistics, diverges. Le´vy flights have been observed
in many other systems but emphasis has been placed
on the atomic physics point of view, in which resonant
atomic vapours represent the basic object of research. It
is interesting that such a simple system, a paradigm of
the most basic light-matter interaction mechanisms, still
stirs curiosity and holds surprises. Atomic vapours ac-
tually represent small, tunable table-top systems where,
depending on the conditions (temperature, atomic den-
sity), different diffusion regimes can be studied, as well as
transitions between them. The limited spatial extension
of experimental setups actually imposes a cutoff on the
jump-length distribution. It has been shown [61] that,
although such a truncated Le´vy flight has finite variance,
it may take a huge number of individual events for the re-
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sulting multi-scattering process to converge to a Gaussian
one. The measurement of the segment of the distribution
of individual jump lengths that is experimentally accessi-
ble is not affected by this cutoff restriction and the num-
ber of scattering events in a typical atomic vapour cell or
lamp is in general not sufficient to characterize the diffu-
sion regime as a normal one. It may however affect the
actual diffusion regime in astrophysical samples. However
restricted the example treated in this article may seem, it
illustrates a subject belonging to the much more general
topics of nonlinear dynamics and non-normal statistics,
at the frontier of current knowledge. The advances in
theoretical tools and experimental techniques allow us to
extend our comprehension of the physical world, leading
to the exploration of qualitatively new concepts. These
are likely to lead to improved control over the systems in
question.
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